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Fig. 2, vMues of the  a rgumen t  for which the  function 
becomes negat ive,  can be found only after  throwing over 
the  h inged flap, which will change the colour presented 
by  the  whole scale. 

Calculation proceeds along a line in the reciprocal 
lat t ice,  e.g., by set t ing the two top scales at  fixed values 
of k .yn  and  1.Zn, and reading the triple product  from 
the  bo t tom scale by running  the cursor through all values 
of h.xn. (A table of the mult iples of the atomic coor- 
d inates  has to be prepared prior to calculation.) Before 
the  result  is read, however,  the scat ter ing factor graph 
is ad jus ted  to the appropria te  value of sin 2 0 and the 
end m a r k  of the bo t tom scale made  to coincide with the 
curve, to include the scat ter ing factor into the product .  
I n  the high s y m m e t r y  systems in which triple product  
formulae occur, sin ~ 0 is often of the form, h2A + k2B + leC, 
so tha t  only values of, say, k2B +12C need be t abu la ted  
in advance,  the th i rd  t e rm being added  graphical ly as 
indicated in Fig. 1. (The use of a different funct ion of 0 
in the f -graph,  such as the cylindrical  coordinates of the 
reciprocal lattice, m a y  be preferable where values of it 
had  to be calculated earl ier--e .g. ,  for Lorentz-polariza- 
t ion correction.) 

Wi th  proper  care, the device can be made  accurate  
enough even for the more advanced  stages of s t ructure  
determinat ions .  In  a precision model,  the body  was made  
of plexiglass and reinforced by a hard  a luminium alloy 
base plate. The scale carriers were made  of the same alloy. 
The scales were hand  drawn and reduced photograph-  
ically onto a luminium offset foil, to el iminate the uneven  
shrinkage of the more convent ional  photographic  media.  
Care was taken  to check the trueness of the photographic  
apparatus ,  a printer 's  reducing machine.  The scales were 

coated wi th  protect ive  varnish and  fastened to the i r  
carriers wi th  araldi te  cement .  The stage for the  f -g raph  
mus t  have  a smooth movement ,  which can be achieved 
by let t ing it run on small tapered wheels in a V-groove 
machined  into its base plate.  The whole f -s tage is detach-  
able from the rest of the appara tus .  :For this model ,  the  
s tandard  deviat ion of the triple p roduc t  was found to be, 
in 100 trial mult iplications,  two units  in the 1000 con- 
s t i tu t ing the range of the product  scale. In  most  cases, 
the uncer ta in ty  due to the t empera tu re  and a tomic  
scat ter ing factors will be greater  than  this. 

An a l ternat ive  possibility is to use b lank cyclometr ie  
scales on which, by ma tch ing  them against  a mas t e r  
scale, only those values of cos hxn or sin hxn are m a r k e d  
tha t  are actual ly  needed;  the index h, k or 1 is wr i t t en  
down, and different colours are used for posit ive and 
negat ive values. In  this way,  the  interpolat ions are m a d e  
once for all, and  large series of s t ruc ture  factors can be 
calculated in a shorter  t ime. On the  other  hand,  the  
accuracy m a y  be somewhat  lower, depending upon the  
care taken in drawing the ad-hoc scales. 

The first model  of this device was buil t  in 1955, when  
both  authors  were guests at  the Ins t i tu te  of Chemist ry  
at  Uppsala  Universi ty .  We wish to record our g ra t i tude  
to Prof. G. H~tgg for his permission to have a p ro to type  
built  in the workshop of the Ins t i tu te .  We also grateful ly 
acknowledge the grants  tha t  formed the basis of our  
sojourns at  Uppsala :  from Statens Na turve tenskap l iga  
Forskningsrg~d--the Swedish Natura l  Science ]~esearch 
Counci l - - (H.  F.), and from Schweizerische St i f tung fiir 
St ipendien auf dem Gebiete der Mineralogie (A. N.). 
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For  a large perfect  crystal,  the  interference funct ion 
dis t r ibut ion in reciprocal lat t ice space is well known.  
The funct ion has appreciable values only for posit ions 
very  near  reciprocal lat t ice points,  and fur ther  the dis- 
t r ibut ion  is symmetr ic  about  each latt ice point.  As a 
result,  the precise measurement  of latt ice parameters  for 
crystals of high perfection is a relat ively s t ra ight-forward 
procedure.  For  crystals containing a large number  of 
imperfections, as in a cold worked metal ,  the  interference 
funct ion has appreciable values over a large region of 
reciprocal lat t ice space. Fu r the r  there  is no obvious 
relationship be tween the  interference funct ion distribu- 
t ion and the corresponding dis tr ibut ion of lat t ice strains 
in the crystal.  Thus, if diffraction techniques are to be 
used to obtain precision pa ramete r  measurements  for 
imperfect  crystals,  it is necessary to show tha t  some 
proper ty  of the interference funct ion can be used to 
define a mean  lat t ice parameter .  In  this paper  it is shown 
tha t  the eentroid of the  interference funct ion for the  
region surrounding the  (h, k, l) reciprocal lat t ice point  
corresponds very  near ly  to the  mean  reciprocal (h, k, l) 
in terp lanar  spacing. 

October 1959) 

We star t  by using a me thod  similar to tha t  developed 
by War ren  & Averbach (1950) and War ren  (1955). An 
imperfect  crystal  is considered in which the un i t  cells are 
displaced from their  correct  positions. The crystal  axes 
(a, b, c) are chosen in a manne r  convenient  for this 
problem. The c axis is taken to have  a component  normal  
to the (h, k, l) plane which is equal in length to the  mean  
in terplanar  spacing and the other  two axes are fixed in 
the  (h, k, l) plane. In  terms of these three axes, the 
position of any  uni t  cell is given by 

ruvw =ua +vb +wc +aXuvw +byuvw +CZuvw , (1) 

where  u, v, w are integers and x, y, z represent  the dis- 
p lacement  of the u, v, w uni t  cell from its regular position. 
I t  is assumed tha t  the  latt ice strains in the deformed 
crystal  are small;  therefore, x, y, z are small compared  
to u, v, w respectively.  The magni tudes  and direction of 
a, b, c are fixed by the condit ion tha t  

x = y = z = 0 ,  (2) 

where  ~ is the mean  value of x averaged over all u, v, w, 
and  similar definitions apply to ~ and ~. 
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I n  t e r m s  of t h e  c rys t a l  axes a, b, c i t  is possible to  
def ine  rec iproca l  l a t t i ce  axes a*,  b*, c* in t he  usua l  m a n -  
ner .  I f  ~, ~/, ~ r ep re sen t  var iab les  a long the  a*,  b*, c* axes  
respec t ive ly ,  t h e  in t e r fe rence  func t ion  can  be expressed  
in t e rms  of these  quan t i t i e s .  W a r r e n  has  shown  t h a t  w i th  
t he  p a r t i c u l a r  choice of axes  used,  on ly  t h e  z displace-  
m e n t  causes  a b r o a d e n i n g  of t he  rec iproca l  l a t t i ce  spot  
in t h e  c* d i rec t ion .  On in t eg ra t i ng  the  in te r fe rence  func- 
t ion  w i t h  respec t  to  ~, a n d  U, t he  func t iona l  d e p e n d e n c e  
on ~ on ly  is ob ta ined .  W a r r e n  de r ived  the  fol lowing 
e q u a t i o n  for  this  case. 

oo 
Io(~ ) ---N ~ An cos 2~n~ + Bn sin 27~n~ , (3) 

n ~ 0  

w h e r e  $ is de f ined  so t h a t  $c* represen t s  a d i s t ance  a long 
the  c* axis f rom t h e  (h,/c, l) rec iproca l  l a t t i ce  po in t ,  a n d  

Ao = N3 (4) 

2~3 
An = 2 ~ cos 2~(z~ -Zw+~) (5) 

w~0 

Be = 0 (6) 

iV 3 
Bn = 2 __,~' sin 2~(Zw -Zw+n) , (7) 

w = O  

where  Na is the  n u m b e r  of u n i t  cells in the  c rys ta l  in t he  
c d i rec t ion ,  N is t he  n u m b e r  of u n i t  cells c o n t a i n e d  in 
a single re f lec t ing  plane ,  a n d  the  s u m m a t i o n  is t a k e n  
over  a n y  c o l u m n  of un i t  cells de f ined  b y  u a n d  v equa l  
to cons tan t s .  

The  dev ia t i on  of t he  cen t ro id  pos i t ion  of t he  inter-  
ference  func t ion  f rom the  rec iprocal  l a t t i ce  po in t  is g iven  
by  

~ (An cos 2:~n~ + B n  sin 2:~n~)~d~ 
= -~  . = 0  (s)  

..~ (An cos 2~n~ + B n  sin 2~n~)d~ 
~½ n = 0  

E v a l u a t i o n  of e q u a t i o n  (8) resul ts  in 

¢ = 2 ;  [( - 1 ) n / 2 ~ n ] B . .  (9) 

F r o m  e q u a t i o n  (9) it  w o u l d  a p p e a r  t h a t  ~ is zero on ly  for  
ce r t a in  types  of impe r f ec t  la t t ices ,  t he  m o s t  obvious  
be ing  a la t t i ce  w h e r e  pos i t ive  a n d  n e g a t i v e  s t ra ins  of t he  
s ame  m a g n i t u d e  are  equa l ly  p robab le .  Because ,  even  for 
s t ra ins  suff ic ient ly  smal l  to h a v e  a good  p robab i l i t y  of 
exis t ing  in a cold w o r k e d  meta l ,  t he  elastic modu l i i  

d e p e n d  on s t ra in  a m p l i t u d e ;  t he  exac t  sa t i s fac t ion  of th is  
t y p e  of s t ra in  d i s t r i bu t i on  is n o t  obvious .  H o w e v e r ,  
u n d e r  ce r t a in  qu i te  genera l  condi t ions  it  will  be shown  
t h a t  t he  series of e q u a t i o n  (9) converges  to negl ig ib ly  
smal l  values .  

F r o m  equa t ion  (7) it  follows t h a t  

BI= 2N3{-[(2ze)~/3!]Az--~ + [ ( 2 ~ ) 5 / 5 ! ] ~ z z ~ - . . . } ,  (10) 

w h e r e  
2V3 

Az~ = ( 1 / N 3 )  . Z  (zn - Zl +.) ~. 
n = O  

F r o m  e q u a t i o n  (3) i t  follows t h a t  

l ½ I 0 (~)[2z~ - (2~$)3/3 ! + (2n¢)5/5 ! - . . .  ] d ~ .  B 1 -- (2/N) -½ 

(11) 
Combin ing  equa t ions  (10) a n d  (11) we  f ind  

2.$  = [(2~)V3 ~] [ ~ - d ~ ] -  [(2~)5/5 ~] [ ; ~ -  A~] + . . . .  (12) 

I f  t he  in te r fe rence  func t ion  decreases  to  zero suff ic ient ly  
r ap id ly  as $ increases,  t he  t h i rd  and  all h ighe r  m o m e n t s  
of t he  d i s t r i bu t ion  are  ve ry  small .  S imi lar ly ,  if t he  
la t t i ce  s t ra ins  b e t w e e n  ne ighbor ing  u n i t  cells are  suffi- 
c i en t ly  small ,  t he  h ighe r  m o m e n t s  of t he  s t ra in  d is t r ibu-  
t ion  are  negligible.  U n d e r  these  cond i t ions  ~ is v e r y  
nea r ly  zero. 

I f  we  m a k e  the  r easonab le  a s s u m p t i o n  t h a t  ~a and  

Az~ are  b o t h  of t he  same  order ;  an  e s t ima te  of ~ can  be  
ob t a ined  for typ ica l  cold w o r k e d  meta l s .  F o r  example ,  

if we  t a k e  2.10 -3 as an  u p p e r  l imi t  for bo th  (~-3)~ and  

(~z~)~, t h e n  ~ < 1 0  -~, ce r t a in ly  a va lue  which  can be  
neg lec ted .*  Thus  t he  p e r c e n t a g e  er ror  i n t r o d u c e d  by  
a p p r o x i m a t i n g  t h e  reciprocal  m e a n  i n t e r p l a n a r  spac ing  
b y  the  pos i t ion  of t he  in te r fe rence  func t ion  cen t ro id  is 
a b o u t  of the  same  order  as the  m e a n  cubed  s t ra in  b e t w e e n  
ne ighbor ing  un i t  cells. 
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* These values seem conservative, since by use of the Warren 
& Averbach analysis (Az~)½, it is found to be of the order 
10 -2 to 10 -3 for cold worked metals (Hirsch, 1956). The third 
moment  should be much lower, of course, since positive and 
negative strains would partially cancel. 
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I n  a r e c e n t  p a p e r  (Sim, 1959) on t h e  app l i ca t ion  of t h e  
h e a v y - a t o m  m e t h o d  to n o n - c e n t r o s y m m e t r i c  s t ruc tu re s  
it was  shown  t h a t  i m p r o v e d  reso lu t ion  of t he  a t o m s  could  
be o b t a i n e d  b y  e m p l o y i n g  in t he  Fou r i e r  series ca l cu la t ed  
f rom the  phase  angles  a l l ,  a m p l i t u d e s  WI2'[ r a t h e r  t h a n  

IF[, t he  w e i g h t  W ass igned to a n y  t e r m  d e p e n d i n g  on 
the  p robab l e  m a g n i t u d e  of t he  phase -ang le  e r ror  (a - 0 O H ) .  

As the  e l ec t ron -dens i ty  d i s t r ibu t ion  is fa i r ly  insens i t ive  
to  t he  precise  set  of we igh t s  a d o p t e d ,  a n y  w e i g h t i n g  
func t ion  w h i c h  increases  s m o o t h l y  f rom 0 to  1 as 


